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A GRASSMANN REPRESENTATION OF THE HUBBLE PARAMETER
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The Riccati equation for the Hubble parameter H of barotropic FRW cosmologies in
conformal time for κ 6= 0 spatial geometries and in comoving time for the κ = 0 geometry,
respectively, is generalized to odd Grassmannian time parameters. We obtain a system of
simple differential equations for the four supercomponents (two of even type and two of
odd type) of the Hubble superfield function H that is explicitly solved. The second even
Hubble component does not have an evolution governed by general relativity although
there are effects of the latter upon it.
1 - Recently, Faraoni,1 showed that the equations describing barotropic FRW
cosmologies can be combined in a simple Riccati equation leading in a much easier
way to the textbook solutions for the FRW scale factors. Faraoni obtained the
following cosmological Riccati equation
dH
dη
= −cH2 − κc , (1a)
for the log derivative of the FRW scale factor, the famous Hubble parameterH(η) =
da/dη
a . The independent variable is the conformal time η, c =
3
2
γ − 1 was assumed
constant by Faraoni, and κ = 0,±1 is the curvature index of the flat, closed, open
FRW universe, respectively. The adiabatic index γ is defined through the barotropic
equation of state P = (γ − 1)ρ, where P and ρ are, respectively, the pressure and
energy density of the cosmological fluid under consideration. It is a constant quan-
tity in the approach of Faraoni. It is a simple matter to write the first Friedmann
dynamical equation a¨a = −
4piG
3
(ρ + P ) in the form a¨a = −
4piGρ
3
c for the barotropic
case. Thus, the common lore is that a negative c (γ < 2
3
) implies an accelerating
universe as claimed in the astrophysics of supernovae.
We also notice that from the mathematical point of view, Faraoni‘s FRW Riccati
equation being of constant coefficients is directly integrable. The solutions are
H+ = − tan cη , H− = coth(cη) , (1b)
for the closed and open FRW universes, respectively.
In the following we perform a very simple generalization of the cosmological
Riccati equation (1a) by considering the Hubble parameter as a function not only
of time but also of the so-called odd “time” parameters, θ1 and θ¯1 (where θ¯1 is the
complex conjugate of θ1).
2 In this way, the Hubble parameter becomes a superfield
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in the terminology of superanalysis.3 This is only a toy generalization since we do not
relate it to any sophisticated formalism, such as supergravity. However, we obtain
some simple analytic formulas for all the components of the Hubble superfield. We
mention that similar types of supersymmetric extensions (affecting in addition the
operatorial structure) are of much interest in the theory of integrable models that
appear naturally in the study of strings in the matrix model approach.4
2 - We shall write the Riccati equation for the superfield H in the following form
dH
dη
≡
i
2
{Dθ1, Dθ¯1}H = αH
2 + β , (2)
where
H(η, θ1, θ¯1) = H0(η) + iθ1H¯1(η) + iθ¯1H1(η) + θ1θ¯1H11(η) , (3)
α = −c, β = −κc, and
Dθ1 =
d
dθ1
+ iθ¯1
d
dη
, Dθ¯1 = −
d
dθ¯1
− iθ1
d
dη
. (4)
The superfield H satisfies the reality condition H† = H and is assumed to be
dimensionless implying the following η dimensions
[η] = 1 , [θ1] = 1/2 , [H0] = 0 , [H1] = −1/2 , [H11] = −1 .
After simple (super)calculations we get the following system of equations
dH0
dη
= αH20 + β, (5a)
dh¯1
dη
= 2αH0h¯1, (5b)
dh1
dη
= 2αH0h1, (5c)
dH11
dη
= 2α(H0H11 + h¯1h1ǫ¯ǫ), (5d)
where h¯1ǫ¯ = H¯1, h1ǫ = H1, and ǫ is a Grassmann parameter.
One can see that equation (5a) is identical to Faraoni’s Riccati equation. There-
fore, the solutions are
H+0 = −tan(cη), H
−
0 = coth(cη), (6)
For the other components, we get simple first order differential equations. The
equations (5b) and (5c) are identical since we consider only the possibility of real
superpartners. The solutions are easily obtained
h+1 =
1
cos2(cη)
, h−1 =
1
sinh2(cη)
, (7)
Grassmann Hubble superfield 3
for the closed and open spatial geometries, respectively.
Finally, the solution of the equation for H11 can be obtained by the method of
the variation of constants leading to
H±11 = e
2α
∫
η
η0
H0dη
[
A±11 + ǫ¯ǫ
∫ η
η0
2h21e
−2α
∫
η
H0dηdη
]
, (8)
where the parameters A±11 are related to the initial conditions. We thus obtain
H+11 = cos
−2(cη)
(
A+11 − 2ǫ¯ǫtan(cη)
)
(9)
and
H−11 = sinh
−2(cη)
(
A−11 + 2ǫ¯ǫcoth(cη)
)
. (10)
3 - The case κ = 0 is special in the sense that α = −(c + 1), β = 0 and the
independent variable is the comoving time t.5 Therefore, the odd time parameters
refer to the comoving time in this case.
(i) For c+ 1 6= 0 (α 6= 0, β = 0) we get
H00 =
1
c+ 1
1
t
, h01 = h¯
0
1 =
1
t2
, H011 = A
0
11t
−2 + 2ǫ¯ǫ(c+ 1)t−3 . (11)
(ii) The case c+ 1 = 0 (α = 0, β = 0) leads to
H0 = C0, h1 = h¯1 = C1, H11 = C11 . (12)
4 - Through a simple generalization of the barotropic FRW Riccati evolution
equation to odd Grassmann time parameters (θ1, θ¯1) a Grassmann (superfield)
representation of the Hubble parameter is given in this work. The superfield com-
ponents are explicitly obtained under the simple assumption of a real Hubble su-
perfield. We notice that the evolution equation of the second even component H11
is a linear first order differential equation not a nonlinear Riccati equation as re-
quired by Friedmann equations. Thus, we are out of the realm of general relativity
although there is an induced effect of the latter as seen from the presence of H0 in
equation (5d).
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